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Abstract
We study the IR behavior of noncommutative gauge theory in the matrix formulation.
We nd that in this approach, the nature of the UV/IR mixing is easily understood,
which allows us to perform a reliable calculation of the quantum eective action for the
long wavelength modes of the noncommutative gauge eld. At one loop, we nd that
our description is weakly coupled only in the supersymmetric theory. At two loops, we
nd non-trivial interaction terms suggestive of dipole degrees of freedom. These dipoles
exhibit a channel duality reminiscent of string theory.
1 Introduction
Noncommutative quantum eld theories have been extensively studied in the past few
years. The motivation to study these systems stems from the fact that noncommutative
gauge theories arise naturally from string theory through various decoupling limits [1][2].
However, the infrared behavior of noncommutative quantum eld theories remains poorly
understood due to a UV/IR connection in which the IR dynamics is not decoupled from
the UV. In particular, the naive perturbative expansion in Feynman diagrams exhibits
non-analytic behavior in momentum indicative of novel IR dynamics [3][4].
Recently, the insight of Van Raamsdonk [5] has shed some light on the interpretation
of the leading pole IR singularities that occur in non-supersymmetric noncommutative
theories. However, there are subleading logarithmic IR singularities that remain to be
understood, and in fact, they are present even in the supersymmetric theories [4]. Thus,
one would like to better understand the consequence of these IR singular terms.
Perhaps the most important lesson gleaned from Van Raamsdonk’s recent work is
that the matrix formulation is the most natural framework in which to study the long
wavelength behavior of noncommutative gauge theories. Not only is the noncommutative
gauge invariance manifest in this approach, but we will nd that the propagator of the
matrix quantum mechanics embodies the UV/IR mixing of the noncommutative eld
theory in a very simple and intuitive way. Ultimately, we are led to an interpretation of
the long wavelength dynamics in terms of interacting dipoles which agrees nicely with the
work of Kiem, Lee, Rey, and Sato [6].
In order to develop an intuition for the IR behavior of noncommutative gauge theory,
we calculate the quantum eective action for the long wavelength modes of the gauge
eld. At one loop, we nd that only the supersymmetric theory has sensible long distance
behavior. At two loops, we nd interaction terms suggestive of the dipole degrees of
freedom that we expect from the decoupling limit of open string theory in the presence of
a strong NS-NS B-eld [2]. Moreover, these dipoles exhibit a channel duality reminiscent
of string theory.
This paper will be organized as follows. In section 2, we review the matrix formulation
of noncommutative gauge theories. In section 3, we review the background eld gauge
xing that we employ in later sections in order to calculate the quantum eective action.
We also discuss the nature of the long wavelength approximation that we use in our
approach. In section 4, we derive the propagator in the matrix quantum mechanics and
then recast it in variables more suitable for a eld theory interpretation. In section 5, we
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calculate the one-loop quantum eective action. In section 6, we calculate the two-loop
quantum eective action. We end with some discussion and outlook.
2 Matrix formulation of NCYM
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i) are MN MN hermitian matrices transforming in the vector represen-
tation of SO(2p, 1) and the adjoint representation of U(MN). θij is a real constant
anti-symmetric tensor of SO(2p). The . . . represent other elds such as the fermions in
the supersymmetric theory. For notational simplicity, we have set (2pi)2p det(θ) = 1.
The ground state in the M !1 limit is given by X i = x^i ⊗ 1NN and A0 = 0 where
x^i are time-independent hermitian matrices satisfying the algebra of the noncommuting
2p-plane
[x^i, x^j ] = iθij1 (2)
Following [7], we expand in fluctuations about this background X i = x^i⊗1 NN +θijAj(x^)









GijGklFik(x)Fjl(x) + . . .

(3)
where Fµν(x) = ∂µAν(x)−∂νAµ(x)−iAµ(x)Aν(x)+iAν(x)Aµ(x) is the noncommutative
eld strength, and Gij = θikθkj is the inverse spatial metric. In deriving the NCYM theory,
we have used the standard map between ordinary coordinates and noncommuting matrix
coordinates [8]Z
d2px trN ( )$ Tr ( ) A(x) B(x)$ A(x^)B(x^) (4)
Thus NCYM in 2p + 1 dimensions can be described by 0 + 1 dimensional matrix
quantum mechanics. From this point on, we will work almost exclusively in the matrix
picture; however, we will eventually arrive at an interpretation of the dynamics in 2p + 1
dimensions.
2
3 Background field gauge fixing of the matrix model
In the last section, we found that NCYM can be described by the quantum mechanics of
large matrices A0 and X





( _X i − i[A0, X i])2 + 1
4
([X i, Xj]− iθij)([X i, Xj]− iθij) + . . .

(5)
Ultimately, we will be interested in the eective action for long wavelength modes of
the noncommutative gauge eld. We can systematically compute the quantum eective
action by expanding the elds A0 = B0 + A and X
i = Bi + Y i where B0 and B
i are
background elds satisfying the equations of motion, while A and Y i are fluctuating
elds to be integrated out. We will specialize to backgrounds of the form B0 = 0 and
Bi = x^i ⊗ 1NN + θijAj(x^).
In order to dene the functional integral over A and Y i, we must gauge x the La-
grangian. This can be accomplished by adding both a gauge xing and a ghost term to
the action
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
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From L2, we see that all of the fluctuating elds have similar quadratic terms up to terms
proportional to i _Bi and [Bi, Bj] − iθij . If we write the background eld in terms of the
noncommutative gauge eld, Bi = x^i ⊗ 1 NN + θijAj(x^), we nd that
i _Bi = iθijF0j [B
i, Bj]− iθij = iθikθjlFkl (11)
Thus, these terms are proportional to derivatives of the background gauge eld and can be
made arbitrarily small by considering arbitrarily long wavelength modes of the background
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as compared to the noncommunativity scale θ. Put another way, the noncommutative
eld strength must be suciently small F  θ−1. This is nothing but the condition





In the last section, we found that in the long wavelength limit all of the fluctuating elds











In terms of indices living in the fundamental and anti-fundamental representations of


















−1 ⊗ 1 d
2
dt2
− (Bi ⊗ 1 − 1 ⊗ Bi)2

 (13)
It is now easy to read o the matrix propagator







where M2 = (Bi⊗1−1⊗Bi)2. Note that we have used the long wavelength approximation
by ignoring the time dependence of the background. Otherwise, we could not treat M2
as a frequency independent constant in the Fourier integral.
To relate this 0 + 1 dimensional matrix quantity to a 2p + 1 dimensional eld theory

















d2pxeikx eG(ω, θ−1x) (15)
where eG(ω, p) = (ω2 − piGijpj)−1 is the eld theory momentum space propagator for a
massless particle. Note that the Fourier representation of a function of noncommuting
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matrices has been extensively used in the construction of noncommutative solitons [8].








′)+ikx eG(ω, θ−1x)e−ikB ⊗ eikB (16)
We can now identify the various ingredients of the 0 + 1 dimensional propagator from a
2p + 1 dimensional perspective.
As suggested by the notation, (ω, k) is to be identied with the spacetime energy
momentum; likewise, (t, x) is the corresponding spacetime coordinate. The integral over
x is then understood in terms of the nonlocality of the noncommutative eld theory.
Perhaps more surprising is the role played by the eld theory propagator, eG. Evidently,
the small k/large x region of the integral corresponding to low momentum/large distance
receives contributions from high momentum eld theory states and vice-versa. In a later
section, we will interpret this eect in terms of a channel duality of dipole degrees of
freedom.
The matrix structure of the 0 + 1 dimensional propagator is contained entirely in the
tensor product of operators of the form exp(ik B). Using the standard dictionary between
noncommuting matrix coordinates and ordinary coordinates, we can identify [5]
eikB = eikxˆ⊗1N×N+ikθA(xˆ)  ! Pei
R 1
0 dσkθA(x+σkθ)  eikx (17)
where P denotes path ordering of the exponential using the  product. This object





 ! Z d2pxeikxtrN Pei R 10 dσkθA(x+σkθ) (18)
We immediately recognize the eld theory representation as an open Wilson line . This
structure was essentially guaranteed by the noncommutative gauge invariance [9].
In later sections, when we use the matrix propagator in perturbative calculations of
the eective action, we will frequently encounter the Fourier transform of the open Wilson










Note that in the weak eld long wavelength limit, ρ(x) is approximately local and its
Fourier coecients, ~ρ(k), have support only at low momentum, as compared to the non-
commutativity scale, θ. We will think of the eective action as an action for the eective
elds ρ. These elds will interact in a non-local way via long dipole degrees of freedom
whose ends couple to ρ.
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5 One-loop effective action
At one loop it becomes immediately clear that our long wavelength description of non-
commutative gauge theory is consistent only in the supersymmetric theory. Although we
have not discussed fermions up to now, they can be treated in a manner analogous to
the gauge eld by representing the fermionic propagator in terms of 2p + 1 dimensional
variables as we discussed in the last section.
The net one loop contribution to the eective action coming from vacuum diagrams
can be expressed in a single diagram drawn in ’t Hooft double line notation.
The contraction of matrix indices, as indicated by the double line diagram, gives a double
trace contribution proportional toZ
dω
2pi






log eG(ω, θ−1(x− y)) (20)
and the contraction of spacetime vector and spinor indices contributes a factor propor-
tional to NB −NF where NB and NF are the numbers of on shell bosonic and fermionic
polarization states. To have a sensible weakly coupled description of the long distance
dynamics, we must have NB = NF . The reason is that the one-loop eective potential
between ρ(x) and ρ(y) grows strong at large separationZ
dω
2pi
log eG(ω, θ−1(x− y))  jx− yj+ const (21)
where the constant is independent of the separation jx−yj. Thus, a theory with NB 6= NF
is strongly interacting at long distances. This fact has been recognized in [5], and it
was shown that these strong long distance interactions are due to the leading IR pole
singularities that appear in non-supersymmetric noncommutative theories.
We will consider only the supersymmetric theory with NB = NF from here on, since
otherwise, we do not know how to describe the system. In this case, the vacuum diagrams
cancel as discussed above. All other one loop contributions coming from insertions of the
background eld are suppressed in the long wavelength limit, as discussed at the end of
section 3. Therefore, there are no IR interactions at one loop, so we move on to the two
loop eective action.
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6 Two-loop effective action
At one loop, we found that supersymmetry is a necessary ingredient in order to have a
weakly coupled large distance description. Supersymmetry guaranteed the cancellation
of the vacuum diagrams, and beyond that, all other contributions were suppressed in the
long wavelength limit. However, at two loops we nd non-trivial interactions between the
eective elds, ρ(x), even in the supersymmetric theory. The structure of these interaction
terms leads us to interpret the degrees of freedom in noncommutative gauge theory as
dipoles, which is expected from the decoupling limit of open string theory in a strong
NS-NS B-eld [2]. We also obtain nice agreement with the results of [6]. Moreover, the
dipoles seem to exhibit a channel duality reminiscent of string theory.
The rst class of two-loop diagrams comes from treating the quartic interactions to
rst order
+ non-planar























− Tr (eik1Beik2Be−ik1Be−ik2B (22)
To leading order in the long wavelength approximation, we drop all terms with derivatives




k1θk2 + . . . (23)
Thus, all of the traces can be written entirely in terms of the eective eld, ρ. The term




k1θk2 ~ρ(k1)~ρ(−k2)~ρ(k2 − k1)− eik1θk2Tr(1 )
i
(24)
Although the non-planar single trace term is divergent, it is independent of the back-
ground gauge eld. We therefore attribute this term to short distance eects that do not
contribute to the long wavelength dynamics. Keeping only the planar triple trace term














2px3ρ(x1)  ρ(x2)ρ(x3) 1jx2 − x3j
1
jx1 − x3j (25)
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At last we arrive at a quantity describing the interaction between three ρ elds. The
interaction strength falls o with distance, so this term is consistent with a weakly cou-
pled long distance description. There is, however, a divergence in the integral when the
separation jx1 − x3j or jx2 − x3j goes to zero, but as we will argue, this is an IR sin-
gularity resulting from integrating out low momentum states. The interesting feature of
this interaction is the way that the eld theory propagator appears { at large distance
only high momentum states contribute. In fact, the momentum of these virtual states is
proportional to the separation.
Actually, this type of behavior has a very natural interpretation in terms of the dipole
structure of elementary quanta [2] that we expect from the decoupling limit of open string
theory in a strong NS-NS B-eld. The quanta can be thought of as dipoles with transverse
size proportional to the center of mass momentum i = θijpj . Therefore, by integrating
out the high momentum virtual quanta, we expect to get long range interactions mediated
by long dipoles. The elds ρ that couple to the ends of the long dipoles can be understood
simply from the coupling of the low momentum background to the high momentum virtual
states. In eect, ρ contains all of the insertions of the background gauge eld into the
ends of the dipoles. Furthermore, it is also now apparent why we should not worry about
the singularities arising from the separation between the ρ elds going to zero, because
this corresponds to an interaction mediated by low momentum dipoles that are not to
be integrated out. In other words, there is a cuto on the separation coming from the
Wilsonian cuto in the eld theory.
The diagramatic representation of the scenario described above is depicted in Figure
1(a). This can be seen directly from the double line matrix diagram if we identify the
double lines as corresponding to the ends of the dipole quanta. Then, by considering
the eect of high momentum virtual quanta running around the loops, the double line
diagram \stretches out" into Figure 1(a). Apparently, the dipole structure of elementary
quanta is manifest in the matrix formulation. For this reason, the matrix approach seems
to be the most natural framework in which to discuss noncommutative gauge theory.
Yet another curious property of this interaction is that, although the long distance
interactions originate from the highly non-local process of integrating out high momentum
dipoles as described above, the nal form of the position space integral only involves
large separations and small momenta. This suggests a dual description in terms of low
momentum degrees of freedom. In fact, by Fourier transforming into momentum space,







(a) loops of high momentum dipoles that are




(b) tree of low momentum dipoles that are small
in the transverse direction
Figure 1: Dual descriptions of the rst order quartic interaction
have support only at low momentum; therefore, the corresponding open Wilson lines are
small in the transverse direction. Thus, there appears to be a dual description in terms
of small low momentum dipoles as depicted in Figure 1(b). Incidently, this interpretation
is more in the spirit of [6]. Clearly, this sort of channel duality is reminiscent of string
theory and deserves to be better understood.
In addition to long distance interactions, we also expect to see short distance eects as
a result of integrating out high momentum virtual states. As alluded to earlier, it is the
single trace term that contributes at short distances. This is so because, as we have seen,
in position space each trace corresponds to operator insertions in a small region around
some point in space. Thus, the single trace term corresponds to short distance eects at
one point. The systematic treatment of the short distance interactions are beyond the
scope of this work; nonetheless, it is an interesting and essential problem for future study.
The other two-loop diagrams can be understood in a similar way. For example, the
diagrams that come from the second order treatment of the cubic interaction terms with
no background eld correspond to
+ non-planar
Again, we nd that the single trace non-planar diagram gives a UV divergent contribution,
while the triple trace planar diagram corresponds to a long distance interaction between

















(a) loops of high momentum dipoles that are




(b) tree of low momentum dipoles that are small
in the transverse direction
Figure 2: Dual descriptions of the second order cubic interaction
Diagrammatically, this process is illustrated in Figure 2.
The remaining two-loop diagrams that come from second order cubic interactions can
also be understood in terms of interacting dipoles. However, the exact form of these
terms does not appear to be any more illuminating. The most notable feature is that
gauge invariant Wilson line operators other than ρ appear in the coupling at the ends of
the dipoles.
We conclude this section with a brief discussion of what is expected from higher loop
calculations. Clearly, there will be diagrams with more traces, and hence, more Wilson
line insertions of various types. In the dual picture, this corresponds to interactions
involving more than three small external dipole states. We also expect a number of UV
divergent lower trace contributions, which presumably, can be understood in the context
of some sort of renormalization scheme. It would be interesting to study the systematics
of handling such divergences. Lastly, on dimensional grounds, we expect that higher loop
contributions are subleading in the IR. Thus, the leading IR behavior is, in fact, due to
the two loop processes discussed here.
7 Discussion and outlook
In this work, we have calculated the quantum eective action of noncommutative gauge
theory in the long wavelength limit in order to gain some intuition for the IR dynamics
of this system. We found that in the supersymmetric theory, our description was weakly
coupled, which allowed us to calculate the leading IR interaction terms. These terms were
suggestive of the dipole degrees of freedom that are expected from the decoupling limit
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of open string theory. Moreover, we argued that the leading IR interactions, which were
mediated by long dipoles, arose from integrating out high momentum degrees of freedom
in the Wilsonian sense. However, there also appeared to be a dual description in terms
of small low momentum dipoles, which was reminiscent of string theory.
Perhaps the most satisfying of our results was that the leading IR interactions came
from multiple trace operators, and therefore, from the non-planar sector of the eld theory.
Since it is the non-planar sector of the eld theory that leads to IR singularities, this
result seems to explain the eect of the logarithmic IR singularities that have plagued
perturbative calculations in noncommutative quantum eld theories.
However, there remain a number of open questions. On the technical side, the system-
atic treatment of UV divergences arising from non-planar matrix diagrams (planar eld
theory diagrams) must be understood in order to have a sensible perturbative expansion.
On the other hand, conceptually, one would like to understand the role of channel duality
in noncommutative quantum eld theories. We leave these questions and others for future
work.
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